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Abstract – We present a robust probabilistic method
to classify targets based on their tracks. As is customary
in supervised learning problems, it is assumed that example tracks from various classes are available to train
a classifier. We present an optimal but computationally
intensive sequential solution, and show that a computationally feasible naive Bayes approximation works better
than ignoring sequential information. We show how to
take into account the uncertainty of the track, as quantified by the error covariance matrix from a Kalman
tracker, using the recently proposed expected maximum
likelihood rule coupled with a robust local Bayesian discriminant analysis classifier. In addition, we propose
an expected maximum a posterior rule to take test sample uncertainty into account for classifiers that model
the posterior, and use it to define a robust kernel classifier. Simulations with a Kalman tracker show significantly improved performance by taking into account the
tracked state covariance.
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classification,
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Bayesian,

Introduction

Tracking provides a set of sequential estimates of the
state of a dynamic object, usually position and velocity. We study the problem of classifying a test track
given example tracks from objects of different classes.
Classification of dynamic objects arises in a number
of applications and with a variety of sensor modalities, such as identifying friends from foes on the battlefield using sonar or radar measurements [1], separating
teammates on the sports field with video tracking [2],
or distinguishing between humans and dogs using laser
scans [3]. For some applications, classification can be
performed independently from tracking by using different data such as sonar signal signatures or imagery
data. In this paper, we focus on discriminating objects
using only the tracked states. The tracking information
may be the only data available, or classification esti-

mates from tracking data can be fused with estimates
based on complementary information.
We classify a dynamic object (also referred to as target) based upon its state estimates and covariances, as
produced by a standard Kalman tracker. We consider
two approaches: either classifying based only on the
current state, or classifying optimally based on the history of states. Unfortunately, optimal sequential classification is computationally impractical, and we propose
a naive Bayes approximation that is simple to use.
A key contribution of this paper is showing that we
can greatly improve the classifier performance by taking
into account the uncertainty in the Kalman estimate.
We do so by applying the recently proposed expected
maximum likelihood decision rule applied to a generative classifier [4]. In addition, we introduce an expected
maximum a posterior decision rule and use it to create
a robust kernel smoothing classifier. In this work we assume that the training tracks are legitimate examples of
their class, that is, we do not model the training data
as noisy. Simulations show that taking into account
the uncertainty in the track estimates can significantly
improve classification results.
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Related Work

Given a sequence of training track states for each
class, and a sequence of test track states, one can apply
any standard classifier to the feature vector formed by
the sequential tracks. Alternatively, a hidden Markov
model can be used with class-conditional probabilistic
transitions to model the state dynamics.
Here, we focus on incorporating the known uncertainty in the test sample given by the tracker’s measurement noise covariance. Related work in dealing
with measurement uncertainty when classifying tracks
is the work of Luber et al. [3]. They focus on classifying
tracks of bearing and range measurements from laser
scan data, but their approach is fairly general. They
convert each test track into a likelihood over a discrete
grid, using a Gaussian distribution to represent the sen-

sor noise. Then a variant of k-means is used to cluster the training track likelihood grids to form exemplar
likelihood grids for each class. Transition probabilities
between the class exemplars are learned to model the
dynamics over time. They classify a test track based on
its maximum a posterior probability, using a smoothing
kernel probability estimator, and taking into account
the state dynamics as modeled by the transition probabilities between the exemplars.
Other models with different assumed classconditional information have been shown to be
useful for classifying tracks. For example, Coraluppi
and Carthel use the track length to differentiate targets
from clutter [5]. Many researchers have worked on
classifying tracks assuming one has a priori different
kinematic models for each class, and then classifying
based on the likelihood of the estimated state dynamics
under the different class-conditional kinematic models.
For example, Leung and Wu model the maximum
acceleration as different for passenger planes and
fighter jets [6]. A general approach is to model the
state transition matrices as class-conditional, such that
the state sk at time k depends on the past state and on
the class g through class-conditional state-transition
matrices Fg , Gg and possibly class-conditional noise
wk,g :
sk = Fg sk−1 + Gg wk,g .
(1)

with likelihood p(s|g) inferred from the training set X .
Then, if given the true state s of a target, the ML
rule is to classify the target as the class that solves
arg maxg p(s|g).
However, it is most often the case that the true state
s of the target is not observed directly. Rather, we
observe a noisy measurement z of s. Sequential filtering and tracking methods (Kalman filter, particle filter,
etc.) estimate the expected state and error covariance
of the (unknown) true state of a target using noisy and
possibly nonlinear measurements z at discrete time intervals.
Anderson and Gupta recently proposed the expected
ML rule to robustly classify noisy observations [4], and
in this paper we apply the expected ML rule for classifying target tracks via the Kalman filter. The authors
showed in experiments that the expected ML rule can
tolerate moderate amounts of measurement noise, and
that it far outperforms the naive approach of simply
treating the estimate ŝ as the true feature vector. Given
a noisy measurement z of S, the expected ML rule prescribes classifying z as class

Optimal Bayesian joint tracking and classification for
that framework have been worked out by others [7–9].
That work differs from this research in that they assume
that distinct class-specific state transition models are
given. We take a more empirical approach, in which a
generic state transition model is used for every class,
and differences between the models are attributed to
modeling noise.

where the prior p(g) accounts for unbalanced classes,
also inferred from the data1 .
In general, the integral in (3) must be solved numerically. However, when both p(s|z) and p(s|g) can be represented as Gaussian distributions, then the product of
Gaussians rule can be used to derive a closed form solution [4]: let p(s|z) = N (s; a, A) and p(s|g) = N (s; b, B);
then,
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Background

To classify a target, we adopt the supervised learning paradigm, in which it is assumed that a set X =
{(si , gi )}M
i=1 of labeled feature vectors is available to
train a classifier. We take si ∈ Rd to be a valid state
of a target belonging to class gi ∈ G. Having trained a
classifier from the training data, we may then classify
a target based on its true state s.
In this section, we review recent work on robust classification, from which we build classifiers for Kalman
tracks. First, in Sec. 3.1, we review the expected ML
rule for classifying noisy test samples. Then, in Sec.
3.2, we review the robust Bayesian quadratic discriminant analysis classifier.

3.1

Expected ML rule for Noisy Features

One traditional statistical approach to classify s from
X is the maximum likelihood (ML) classification rule.
First, we model s as a realization of random state S

ĝ = arg max

ES|z [p(S|g)] p(g),
Z
ES|z [p(S|g)] = p(s|z)p(s|g) ds,

(2)

g∈G

where

(3)

N (s; a, A)N (s; b, B)
= N (a; b, A + B)N (s; c, C),

(4)

−1
where C = A−1 + B −1
and c = C(A−1 a + B −1 b).
Substituting (4) into (2), the term N (a; b, A + B) on
the right hand side of (4) can be moved outside the
integral, and the term N (s; c, C) integrates to unity.
This results in a closed form solution for (2):
ĝ = arg max N (a; b, A + B).
g

Modeling the distribution p(s|z) as Gaussian arises
naturally from the Kalman filter, where the mean a
and covariance A are taken to be the estimate and error covariance matrix. Following the supervised learning paradigm, the class-conditional distribution p(s|g)
1 Anderson and Gupta call their rule “expected MAP rule” due
to the inclusion of the prior p(g); however, to avoid confusion, we
refer to it as the expected ML rule, since expectation is performed
only on the likelihood.

can be modeled as Gaussian with parameters derived
from the training data X . In section (3.2), we detail a
classification method that models p(s|g) as Gaussian,
and describe how to robustly estimate the parameters
of the class-conditional distribution.

3.2

BDA and Robust BDA Classifiers

Quadratic discriminant analysis (QDA) models the
samples from each class as being drawn independently
and identically from a Gaussian distribution [10]. This
simple model is usually not flexible enough to capture
the true distribution, and a standard practice is to use
a Gaussian mixture model (GMM) [10]. For example,
GMMs were found to work well for classifying radar
tracks as having been generated from planes vs. birds,
compared to a support vector machine, neural network,
and single-Gaussian-per-class models [11].
However, learning a GMM can be computationally
expensive and lead to overfitting, so in this work we
use a simpler alternative that was recently proposed
called local QDA [4] [12]. Local QDA fits one Gaussian model per class, but only to the k nearest neighbors of a test sample, where k is a parameter that
can be chosen or averaged over [12]. Local QDA can
also be viewed as a generalization of the local nearest means classifier [13]. To avoid estimation problems when k < d, the local Bayesian QDA (local BDA)
classifier uses data-dependent Bayesian estimation for
each class-conditional Gaussian (see [14] for details on
BDA estimation). The resulting local BDA classifier
has been shown to produce state-of-the-art classification results [12].
Anderson and Gupta extended the BDA classifier for
use with noisy test samples. The robust BDA (R-BDA)
classifier approximates the BDA class-conditional distribution p(s|g) as a Gaussian, and employs the expected ML rule in (2) to form a classifier of the form ĝ =
arg maxg N (s; s̄g , Σ̂s ), where s̄g is the class-conditional
sample mean and Σ̂s is the covariance matrix specified
by the BDA class-conditional distribution (see [4] for
details).
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Expected MAP Rule and Robust Kernel Classifier

Some classifiers model the posterior distribution
p(g|s) directly, rather than modeling p(s|g). For example, kernel smoothers model the posterior as [10]:
p(g|s) ∝

M
X

Igi =g K(s, si ),

i=1

where the kernel function K(s, si ) is often chosen to be
a radial function such as the Gaussian
radial basis func

tion K(s, si ) = N s; si , γ −1 I ∝ exp − γ2 ks − si k2 .
The kernel rule is used by maximizing the posterior
p(g|s) directly given a test sample s.

For such classifiers, analogous to the expected ML
rule in (2), we introduce the expected MAP rule for
noisy data, which solves
ĝ = arg max
g

ES|z [p(g|S)].

(5)

For a kernel smoother, this becomes
ĝ = arg max
g

M
X

Z
Igi =g

p(s|z)K(s, si ) ds.

(6)

i=1

When K(s, si ) is chosen to be the radial basis function with bandwidth parameter γ, and the distribution
p(s|z) = N (s; a, A), the noise-robust kernel (R-kernel)
becomes

ES|z [K(S, si )] = N si ; a, A + γ −1 I .
We note that an earlier kernel classifier for an additive noise model ŝ = s +  was proposed in [15] that
weights training points by the noise distribution p(ŝ|si ),
ĝ = arg max
g

X

Igi =g p(ŝ|si )K(ŝ, si ).

i

We use Pawlak’s smoothing kernel to account for arbitrary uncertainty given by the distribution p(ŝ|si ). We
note that if there is no uncertainty in the test point,
then the covariance matrix A = 0; therefore, the Gaussian probability evaluates to zero at all points other
than the training point si . In practice, this can pose
computational problems for even small covariance.
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Kalman Filtering Single and
Sequential Approaches

In this section, we briefly describe the operation of
the Kalman filter as it relates to tracking dynamic targets. We then describe how the robust classification
methods from the previous sections can be used to
classify the noisy state estimate at the output of the
Kalman filter.
The linear Kalman filter provides a minimum mean
square error estimate of a target state vector when both
the dynamic and measurement models are linear with
zero mean independent Gaussian noise. In the discrete
time filter, the target state vector at time index k is
given as sk , and consists of the target kinematic information. The state dynamics and measurement models
are given as:
sk = F sk−1 + Duk−1 + Gwk−1

(7)

zk = Hsk + vk

(8)

where zk and uk are the measurement and (known) control input at step k. The matrices F and G are used to
model the dynamics of the target, and the observation

matrix H encapsulates the measurement process. Uncertainty is represented by wk and vk , which are zero
mean Gaussian random vectors with covariance matrices Q and R, respectively.
Suppose that at step k − 1 we have estimated the
mean ŝk−1 and error covariance Pk−1 of sk−1 . The
Kalman filter performs two steps to form the estimate
ŝk from the previous state estimate: the prediction step
and the update step. The prediction step predicts the
state vector at time k using the dynamic model and the
estimate at time k − 1:

We can again take advantage of the Markov property in the dynamic model to rewrite p(sk |z k ) =
Qk
p(s1 |z k ) j=2 p(sj |z k , sj−1 ) which we approximate as
Qk
p(s1 |z 1 ) j=2 p(sj |z j , sj−1 ) in order to arrive at a sequential solution. Substituting this form of the conditional probability into (13) gives:


Z

ĝk = arg max p(g)
g∈G

·

The update step utilizes the measurement zk to update
the predicted state estimate:
−
ŝk = ŝ−
k + Kk [zk − H ŝk ]

Kk H]Pk− ,

(9)
(10)

where Kk is the Kalman gain matrix [16].
Equations (9) and (10) allow us to model p(sk |z k )
(where the superscript denotes all measurements up to
time k, that is z k = [z1T ... zkT ]T ) as conditionally Gaussian with mean E[sk |z k ] = ŝk and cov[sk |z k ] = Pk . We
can, therefore, classify the target at state k using the
expected ML rule given in (2), the R-kernel rule (6), or
the Pawlak smoothing kernel (4).
The above methodology allows us to classify a single
state vector; however, it would be useful to form a sequential classification rule that can update the class label as new measurements from the target arrive. Let sk
denote a vector containing the target state information
at steps 1 through k. The optimal MAP classification
rule is then:
arg max p(sk |g)p(g).

(11)

g∈G

As per (7), the state dynamics are a Markov process
Qk
such that p(sk |g) = p(s1 |g) i=2 p(si |g, si−1 ). Therefore, at step k (11) becomes:

g∈G

k
Y

p(si |g, si−1 )

(12)

i=2

= arg max p(g)p(sk |g, sk−1 )p(sk−1 |g),
g∈G

which can be computed recursively.
Converting (12) into the corresponding expected ML
rule produces:
"
#
k
Y
ĝk = arg max ES k |zk p(g)p(s1 |g)
p(si |g, si−1 )
g∈G

i=2

(13)
Z
≡ arg max p(g)
g∈G

p(sk |z k )p(s1 |g)

p(sj |z j , sj−1 )p(s1 |g)

k
Y

!
p(si |g, si−1 ) dsk

.

(14)

i=2

Pk− = F Pk−1 F T + GQGT .

ĝk = arg max p(g)p(s1 |g)

k
Y
j=2

ŝ−
k = F ŝk−1 + Duk−1

Pk = [I −

p(s1 |z 1 )

k
Y
i=2

p(si |g, si−1 ) dsk

To simplify (14) to a form that can be updated sequentially, we apply the so-called Naive Bayes rule [10]
and approximate the state sk as being independent of
any other state when conditioned on g or z k . Then, we
can rewrite (14) as:


Z Y
k
k
Y
p(si |g)dsk 
ĝk = arg max p(g)
p(sj |z j )
g∈G

i=1

j=1


Z
= arg max p(g) p(sk |z k )p(sk |g) dsk
g∈G

Z
·

k−1

p(s

|z

k−1

k−1

)p(s

k−1

|g) ds


.

(15)

Equation (15) allows an update of the class label estimate when each new measurement
R arrives. The update
consists of solving the integral p(sk |z k )p(sk |g) dsk at
the kth observation using the product of Gaussians rule
in (4), then multiplying
the result with the runningR
tally integral p(sk−1 |z k−1 )p(sk−1 |g) dsk−1 that was
updated at step k − 1.
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Simulation Setup

We evaluate the performance of the proposed classification methods by simulating a tracking system that
tracks targets from two possible classes. Targets from
both class 1 and class 2 are generated using the dynamics in equation (7). We simulate a target moving in a 2-dimensional plane, therefore, the state vector
sk = [x ẋ y ẏ]T . The F , D, G matrices are identical for each class with:


 2

1 T 0 0
T /2
0
0 1 0 0 
 T
0 


 (16)
F =
2 
0 0 1 T  D = G =  0
T /2
0
T
0 0 0 1
where T = 0.25 is the sampling interval.
The two classes are distinguished by the input vector
uk , the measurement noise covariance Q and the initial
state s0 . The values of these parameters for each class
are given in table 1. Note that the initial x position and
velocity are the same for each class, whereas the initial y position and velocity are distributed as Gaussian

uk
Q
x0
ẋ0
y0
ẏ0

Class 1
T
[0
 0.1] 
0.1 0
0 0.1
−50
10
N (52, 3)
N (−0.4, 0.3)

Class 2
T
[0
 − 0.1]
0.5 0
0 0.5
−50
10
N (48, 3)
N (0.4, 0.3)

Table 1: Parameters for Class 1 and 2

65
Class 1
Class 2

Y Coordinate

60
55
50
45
40
35
−50

0
X Coordinate

50

Figure 1: Sample paths for class 1 and 2 tracks. The
targets move from the left side of the region to the right
side.
random variables that differ between classes by their
means. Figure 1 plots ten sample paths for each of the
classes. Note that, although the underlying dynamics
of each target is Gaussian, p(sk |z k ) is not Gaussian,
but is rather a Gaussian mixture. The Kalman tracker
makes a Gaussian assumption for this probability which
we use for classification.
We track the classes using a Kalman filter with the
F and G matrices given in (16). However, our dynamic
model for filtering does not include any control input.
The filter is initialized with ŝ0 = [−50 10 50 0]T
and P0 = diag[2 2 4 1.5]. Additionally, the measurement model and measurement noise covariance matrix are given as:


 2

1 0 0 0
σm 0
H=
R=
(17)
2 .
0 0 0 1
0 σm
Figure 2 shows the error signal between the true and
estimated state, as well as the three sigma bounds of
the error variance for each signal. We can see that the
measurement error variance decreases rapidly over the
first few iterations, and then converges to a stable value.

We compare five different classifiers: BDA, R-BDA,
a standard Gaussian kernel classifier, the R-kernel, and
the Pawlak smoothing kernel. BDA and the standard
kernel are ’non-robust,’ in that they consider the estimated state ŝk as the true state and ignore the error
covariance.
We generate 100 clean tracks for training. The
tracks are generated such the classes are equally likely:
p(g1 ) = p(g2 ) = 0.5. The feature vectors in the training
data are the clean states segregated by the state index
k. In other words, p(sk |g) is trained only using the labeled training set of 100 k index states, or in the case
of the kernel classifier, the test state k is only compared
to training states also with index k.
The parameters for the classifiers are learned by 5fold cross validation. In each cross validation run, the
cross validation test set is made to look like the actual
test set by measuring the cross validation test states
according to the measurement equation with appropriate H and R matrices. These noisy measurements are
propagated through the same Kalman filter that is used
to generate the real test data so that each test set used
in cross validation has the same statistics as the actual
test data.
We perform simulations with five different values of
2
using the same test
measurement noise covariance σm
2
= 0,
and training sets. Note that in the case of σm
both the test and training sets have no uncertainty.
The Monte Carlo simulation is performed twice, with
new test and training sets generated on each run.
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Results and Discussion

Figure 3 shows the error rate versus the measurement noise variance for both the single state classification method and the sequential method using the
naive Bayes assumption. The results at each value
of measurement noise variance are averaged over all
sampling indices. We can see that the noise robust
methods, R-BDA and R-kernel, significantly outperform their non-robust counterparts in both sets of simulations. By comparing figures 3 (a) and (b), we can see
that sequential R-BDA and R-Kernel outperform their
non-sequential counterparts at all noise levels. On the
other hand, the non-robust methods perform worse in
the sequential classifiers than in the non-sequential at
2
= 0 and
all measurement noise levels other than σm
2
σm = 0.1.
Figure 4 plots the error rate vs. the sampling index
for a fixed measurement noise covariance of 1 where (a)
and (b) show the single state method and sequential
method, respectively. This figure gives a clear interpretation of why the robust classifiers perform better
in sequential classification than single state at all levels
of noise covariance; whereas the non-robust classifiers
perform worse with sequential classification as the noise
covariance increases. We can see in figure 4 (a) that for
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Figure 2: Error signal and 3 sigma bounds on the error variance for the four components of the state vector as
a function of sampling index k. The measurement noise variance is σm = 0.1.
single state estimation the non-robust classifiers perform poorly when the state indices are small (k < 10).
Referring to figure (2) shows that this is when the uncertainty in the true tracks is greatest. However, the
robust classifiers are able to make much better single
state estimates even under this uncertainty, and thus
have the worst performance when 20 < k < 30. Referring to 1), this is when the tracks exhibit the most
mixing. The effect of these observations on the sequential classification error rate in figure (4) (b) is that the
robust estimation methods are able to leverage the good
information that they learn at small k to aid in classification at larger k. However, the non-robust methods
are hampered by poor decisions early that carry over
into larger k.

We also note that in figure 3, the Pawlak smoothing kernel performs worse than the non-robust kernel
2
method at measurement noise variance σm
= 0.1. This
is due to the computational difficulties that we addressed in section 4. In the case of no test point uncertainty, we edited the Pawlak smoothing kernel to be
equivalent to the standard Gaussian kernel.
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Conclusions

We have presented a sequential method for classifying
tracks under uncertainty. We have shown that the noise
robust methods significantly outperform the non-robust
methods, particularly in the case of the naive Bayes
sequential classifier.
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